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Motivation: Beyond i.i.d. Data

Traditional Statistical Learning Assumption:

e Data drawn independently and identically distributed (i.i.d.)
@ Well-understood generalization theory

Reality of Time Series Forecasting:
e Distribution may change over time (non-stationarity) :(

@ Previous theory mostly limited to stationary mixing processes

Their Contribution
@ Quite a few things...
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Introduction

Setting: Non-stationary Stochastic Processes

@ Doubly infinite sequence of Z-valued random variables {Z;}2°_
o Notation: Z? denotes vector (Z;, Zo11, .- -, Zp)
o P’ denotes the distribution of Z2

Mixing Coefficients: Measure how dependency weakens over time
/3(3):SL:DHP£OO®P?_?_3—Pioo/\P?_T_a”TV (1)

¢(a) = sup sup [|PY.(:|B) = PYallTv (2)
t BEF:

where F; is the o-algebra generated by Zt _
A process is 3-mixing or ¢-mixing if 3(a) — 0 or ¢(a) — 0 as a — oo
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Rademacher Complexity Primer

Rademacher Complexity: A Brief Review

Definition (Rademacher Complexity)
For a class F of functions f : X — R, the empirical Rademacher
complexity of F at x = (x1,...,xp) € X" is

n

% Z eif(xi)

i=1

R(F,x) = E sup
€ feF

where €1,...,€, are i.i.d. Rademacher random variables. The Rademacher
complexity of F is
Ro(F) = ER(F. X)

where X1, ..., X, "= P,

Intuition: R(F,x) measures how well F can express a random sequence
of labels at x
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Rademacher Complexity Primer

Rademacher Complexity and Generalization

Theorem

For a class F of bounded functions f : X — [—b, b], for any n > 1,6 > 0,

|Pn = Pl 7 = sup |[Paf — Pf| <2-Rn(F) +6
fer

with probability at least 1 — exp ( — %).

Challenge: Classical results require i.i.d. data
Their work extends to:

@ Block Rademacher complexity for temporal data

@ Sequential Rademacher complexity for path-dependent errors
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Generalization Error for Time Series

Two Types of Generalization Error

For time series prediction, generalization is not uniquely defined:
1. Path-Dependent Error: How well we predict s steps ahead on a
specific trajectory

Lrss(h) =Ezp [L(h(XT45), YT45) | Z) ] (3)

2. Averaged Error: How well we predict s steps ahead on an average
trajectory

Lris(h) =Ezr[Lris(h)] =Bz, [l(h, Z7+5)] (4)

where ¢(h,z) = L(h(x),y) for z = (x,y)

Patricio (Stanford) Gen. Bounds, Non-stat. Mix. Processes Winter 2025 7/19



Generalization Error for Time Series

The Discrepancy Measure: Key Innovation

Discrepancy: Measures how statistical properties change over time

d(t, t2) = sup [L4,(h) = Lt,(h)] (5)
d(t1, 1) = sup |[Ley(h) — Ley(h)] (6)

Key Properties:
@ Emerges naturally in analysis, not artificially introduced
@ Integrates hypothesis class ‘H and loss function L
o For strictly stationary processes: d(ty,ty) =0 for all t;, t
@ Special case: For w_eakly stationary processes with squared loss and
linear hypotheses, d(t;,t2) =0
@ Can be estimated from data under mild conditions

Interpretation: Measures the "degree” of non-stationarity for a specific

learning problem
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Independent Blocks Technique

To handle dependencies, they divide the sample ZlT into 2m blocks:
@ Each block has size a; where T = Z, 1 ai
o Z() = Z(()) where /(i) =1 +ZJ Tajand u(i) = 25:1 aj
e Odd blocks: z° = (zM),zB) . z(Cm-1))
e Even blocks: Z¢ = (Z(®,z®) . z(m)
Key Result (Proposition 1): For bounded function g with
My < g < My:

-1
|E[g(2°)] — E[g(Z)] < (My+ M) Y B(an) (7)

3

i

where Z° consists of independent blocks with same distributions as Z°
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Technical Foundations

Sub-sample Selection Technique

Novel approach for asymptotically stationary processes:
@ Given sample ZlT with T = ma for some m,a>1
o Define sub-samples ZU) = (Zi4jy -3 Zm-14j) for j=0,...,a—1
Key Result (Proposition 2): For bounded function g with
My < g < My:
|Elg(Zn)] — Elg(ZU)]] < (M1 + Mp)mpB(a) (8)

where:
o f(a) = sup; E[||Peya(-127) — Nl 7v]
o Znis an i.id. sample of size m from distribution 1

Particularly useful when the process converges to a stationary distribution
n
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Bounding the Averaged Error (1/2)

Approach: Define ®(Z;7) = suppey (L14s(h) — 2 L, 6(h, Z,))
Block Rademacher Complexity:

R(ZO)—m supZa, (h, Z(21=1)) (9)

heH

where:
@ o are Rademacher random variables
o I(h,Z(?=1)) = 3" 4(h, Z;) over the ith odd block
@ This adapts standard Rademacher complexity to block-structured data

Key insight: This measures how well hypothesis class can fit random
noise in dependent data
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Bounding the Averaged Error (2/2)

Main Result (Theorem 1): With probability 1 — ¢, for all h € H:

;
L1is(h Z (h, Z) + 2max(R(Z°), R(Z¢)) (10)

Iog%
+ max(A', A%) + M max(|[a°]2, [|2°]I2) 2T‘§ (11)

where:
o A = ﬁ Ztelj d(t, T + s) is average discrepancy

° &' =67 Ala))

@ a° and a° are vectors of block sizes
Interpretation: Bound has three components:

O Empirical error term: + S Uh, Zb)

@ Complexity terms: Block Rademacher complexities

© Non-stationarity effect: Discrepancy max(Al, A?)
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Technical Foundations

Implications of the Bound

Impact of Non-stationarity:

@ Presence of max(A?, A?) shows dependency on "degree” of
non-stationarity

e May not converge to zero for a general non-stationary process
o Effective sample size reduced from T to (T /(||a%]|2 + [|2°]|2))?
Special Cases:

@ Stationary S-mixing processes: Recovers bounds of Mohri and
Rostamizadeh (2009)

@ Independent but non-identical: Recovers bounds of Mohri and Mufioz
(2012)

o l.i.d. data: Reduces to standard Rademacher complexity bounds

Mixing is Necessary: For averaged error, mixing is a necessary condition
for learning (Theorem 2)
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Path-Dependent Generalization Bounds (1/2)

Approach: Uses McDiarmid’s inequality for dependent variables
Sequential Rademacher Complexity:

.
R (M) = ~ sup E [supzetg(zt(e))] (12)

T zeZT heH t=1
Key features:

@ Supremum is over all complete binary trees of depth T with values in
zZ

@ Extends standard Rademacher to sequential prediction problems
@ Introduced by Rakhlin et al. (2010) for online learning
o Captures path-dependent nature of time series forecasting

Intuition: Measures complexity of hypothesis class on tree-structured data
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Path-Dependent Generalization

Path-Dependent Generalization Bounds (2/2)

Main Result (Theorem 3): With probability 1 — 4, for all h € H:

;
L1is(h Z (h, Z:) + E[A] + 2RT? (He)

1 s—1
M| d 2log —
+ Ml|d|z1/2log 5 + M=
where:

o d=(d,...,dr) with dp = #EL + 4,6(js + 2) + ¢(s)
o A= % Zthls d(t+s, T+ s) is average discrepancy
@ v+ =1if jy +t < T and 0 otherwise

Insight: Unlike averaged error case, this bound depends on ¢-mixing
coefficients rather than S-mixing, requiring stronger mixing conditions
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Bounds for Asymptotically Stationary Processes
Definition: A process is asymptotically stationary if:
B(a) = smip E[||Prya(-1Zt ) — M|l 7v] — 0 as a — oo (15)

Examples:

@ Homogeneous aperiodic irreducible Markov chains
@ Many practical time series models
Long-term loss: Ln(h) = En[l(h, Z)]
Key inequality: £1(h) < Lp(h)+ MB(T)
Main Result (Theorem 4): With probability 1 — 4, for all h € H:

T
1 log &
< — 20
Ln(h) < = t§1 Uh, Z2) + 2R (M, 1) + My = (16)

where 0’ =6 — T3(a) and R,(H, M) is Rademacher complexity with
respect to [1

Patricio (Stanford) Gen. Bounds, Non-stat. Mix. Processes Winter 2025 16 /19



Fast Learning Rates for Non-i.i.d. Data

Approach: Extends local Rademacher complexity analysis to non-i.i.d.
setting

Assumption: Rademacher complexity R, ({g € H,: E[g?] < r}) is
bounded by sub-root function v (r) with fixed point r*

Main Result (Theorem 5): For T = am, with probability 1 — §, for all
h e H:

-
K 1 ., O Iog§
P AN E = =0
£n(h) < (K — 1) T t—1 U 2e) + Gt m (17)

where K > 1, 0" =6 — T3(a), Gt = 704K /M, and C; = 26 MK + 11M
Dependency on mixing rate:

o Algebraic mixing (8(a) < Ca~9): Need d > 2 for fast rates
o Exponential mixing (3(a) < Ce™%): Leads to rate T!(log T)?
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Unbounded Losses

Generalization with Unbounded Losses

Innovation: First generalization bounds for unbounded losses with
non-i.i.d. data

Approach: Extends relative deviation bounds to asymptotically stationary
processes

Define:

Ln(h) — 5 50, (b, za) (18)

(Dﬂ'a ZT =
o(Zy) 51;)P( (£n70+7)1/a

where L o(h) = En[t(h, Z)°]
Result for o = 2 (Corollary 3): With probability 1 — §, for all h € H:

.
L(h) <3 (h, Ze) + 21/ L 2(h) Bl o(2Bm) (19)
=1

T T
where To(€) = 3 +4/1+ 3log ! and B, = \/2|°g E”[SQEnzl I og 5
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Unbounded Losses
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